


Motivation



Crash course on generalized inverses

Invertible (square, full rank)

𝐴−1𝐴 = 𝐴𝐴−1 = 𝐼

𝐴† = (𝐴𝐴𝑇) −1𝐴𝑇

Left-invertible
(non-square, full 

column rank)

𝐴L𝐴 = 𝐼

Right-invertible
(non-square, full 

row rank)

𝐴𝐴R = 𝐼

𝐴† = 𝐴(𝐴𝑇𝐴)−1

𝑴𝒐𝒐𝒓𝒆−𝑷𝒆𝒏𝒓𝒐𝒔𝒆 𝑷𝒔𝒆𝒖𝒅𝒐−𝑰𝒏𝒗𝒆𝒓𝒔𝒆

𝐴

𝐴‡

𝐴

𝐴

𝐴−1

𝑵𝒐𝒏−𝒖𝒏𝒊𝒒𝒖𝒆 𝒅𝒆𝒇

𝐴† = 𝐴−1

𝐴‡𝐴𝐴‡ = 𝐴‡

𝐴𝐴‡𝐴 = 𝐴 𝐴†𝐴
∗

= 𝐴†𝐴

𝐴𝐴† ∗
= 𝐴𝐴†

Penrose Identities 1955

𝑨† ∈ argmin𝑨† 𝑨†𝑨 − 𝑰     &
𝑨† ∈ argmin𝑨† 𝑨𝑨† − 𝑰

Reflexive-inverse
(always exists)

𝐴𝑅

𝐴𝑅

𝐴

𝐴

𝐴

𝑌𝑋

Min Norm
Solution !!!



Non-Linear Pseudo-Inverse

Gofer & Gilboa:                   𝑔† = 𝑎𝑟𝑔𝑚𝑖𝑛𝑥∈𝑔−1(𝑦) 𝑥 2

We say:

Then:
(See in paper)



Surjective Pseudo-Invertible Networks

𝒈

𝑥
s
t

𝑢

𝑥1

𝑥0 ⊙ + 𝑦

𝑦
t
s

ො𝑥1

ො𝑥0

𝑢𝑇ො𝑥

𝒈†

−/

r

Train:

1. 𝒈, (s, t) regularly for any 
task.

2. 𝒈†, (only r) for 

𝑦 = 𝑥0 ∗ 𝑠 𝑥1 + 𝑡 𝑥1

ො𝑥0= 𝑦 −𝑡( ො𝑥1)

𝑠( ො𝑥1)
ො𝑥1 = 𝑟 𝑦



Back-Projection / Null-Space Projection

𝐴

𝑥

𝑥’

𝑥’ = 𝑥 + 𝐴† 𝑦 − 𝐴𝑥

𝜀y𝜀y
Project

 to 𝑋

𝜀𝑥
𝑋

𝑌

𝐴−1

𝐴𝑥’ = 𝑦

Min Norm!!!𝜀𝑥



𝑥𝑡

𝑥0|𝑡

Denoiser Renoise

𝑦

Back-
project

𝑥𝑡−1



𝑥𝑡

𝑥0|𝑡

Denoiser Renoise

𝑦

Back-
project

𝑥𝑡−1

Wang et al., "Zero−Shot Image Restoration Using Denoising Diffusion Null−Space Model"



Back-Projection / Null-Space Projection

𝐴

𝑥

𝑥’

𝑥’ = 𝑥 + 𝐴† 𝑦 − 𝐴𝑥

𝜀y𝜀y
Project

 to 𝑋

𝜀𝑥
𝑋

𝑌

𝐴𝑥’ = 𝑦

Min Norm!!!
𝒈†



Non-Linear Back-Projection
Real Image ReconstructionDegraded

(multi-classification)

Smiling
Blonde
Male

⋮



Real Image ReconstructionDegraded
(Classification logits)

English springer

Church

Golf ball

Tow truck



Penrose-Moore Pseudo-Inverse

Smiling

Eyeglasses

Bangs

Gray hair

Male
+

Eyeglasses
+

Smile

Female
+

Blonde
+

Heavy makeup

Pale skin
+

Black hair



Person Horse
Car Bus

Chair
Aeroplane



Thank 
you!

Project Page
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